Abstract. Let b ≥ 2 be an integer. Among other results, we establish, in a quantitative form, that any sufficiently large integer which is not a multiple of b cannot have simultaneously only few distinct prime factors and only few nonzero digits in its representation in base b.
Introduction and results
Let a, b be positive, multiplicatively independent integers. Stewart [10] established that, for every sufficiently large integer n, the representation of a n in base b has more than (log n)/(2 log log n) nonzero digits. His proof rests on a subtle application of Baker's theory of linear forms in complex logarithms of algebraic numbers. This result addresses a very special case of the following general (and left intentionally vague) question, which was introduced and discussed in [6] :
Do there exist arbitrarily large integers which have only small prime factors and, at the same time, few nonzero digits in their representation in some integer base?
The expected answer is no and a very modest step in this direction has been made in [6] , by using a combination of estimates for linear forms in complex and p-adic logarithms. In the present work, we considerably extend Corollary 1.3 of [6] and, more generally, we show in a quantitative form that the maximum of the greatest prime factor of an integer n and the number of nonzero digits in its representation in a given integer base tends to infinity as n tends to infinity.
Throughout this note, b always denotes an integer at least equal to 2. Following [6] , for an integer k ≥ 2, we denote by (u (k) j ) j≥1 the sequence, arranged in increasing order, of all positive integers which are not divisible by b and have at most k nonzero digits in their representation in base b. Said differently, (u (k) j ) j≥1 is the ordered sequence composed of the integers 1, 2, . . . , b − 1 and those of the form
We stress that, for the questions investigated in the present note, it is natural to restrict our attention to integers not divisible by b. Obviously, the sequence (u (k) j ) j≥1 depends on b, but, for shortening the notation, we have decided not to mention this dependence. Theorem 1.1 of [6] implies that the greatest prime factor of u (k) j tends to infinity as j tends to infinity. Its proof rests on the Schmidt Subspace Theorem and does not allow us to derive an estimate for the speed of convergence. Such an estimate has been established in [6] , but only for k ≤ 3. Following the proof of our main result (Theorem 1.2 below), we are able to extend this estimate to arbitrary integers k.
For a positive integer n, let denote by P [n] its greatest prime factor and by ω(n) the number of its distinct prime factors, with the convention that P [1] = 1. A positive real number B being given, a positive integer n is called B-smooth if P [n] ≤ B. Theorem 1.1. Let b ≥ 2, k ≥ 3 be integers. Let ε be a positive real number. Then, there exists an effectively computable positive number j 0 , depending only on b, k and ε, such that
log log log log u
In particular, there exists an effectively computable positive integer n 0 , depending only on b, k and ε, such that any integer n > n 0 which is not divisible by b and is
− ε (log log n) log log log n log log log log n -smooth has at least k + 1 nonzero digits in its b-ary representation.
Taking k = 3 in Theorem 1.2, we get the second assertion of Theorem 1.3 of [6] . The main ingredients for the proofs of both theorems are estimates for linear forms in complex and p-adic logarithms of algebraic numbers. The novelty in the present note is a repeated use of estimates for linear forms in p-adic logarithms, where p is a prime divisor of the base b. With our new approach, the number k of nonzero digits need not to be fixed and can be allowed to depend on n, provided that it is rather small compared to n.
Our main result asserts that, given an integer b ≥ 2, if the integer n is sufficiently large, then its greatest prime factor and the number of nonzero digits in its representation in base b cannot be simultaneously small. Theorem 1.2. Let b ≥ 2 and k ≥ 2 be integers. There exist an effectively computable real number c, depending at most on b, and an effectively computable, absolute real number C such that every sufficiently large positive integer n, which is not divisible by b and whose representation in base b has k nonzero digits, satisfies log log n k ≤ c + log k + ω(n)(C + log log P [n]) + log log(k log P [n]).
Several easy consequences of (the proof of) Theorem 1.2 are pointed out below. We extend the definition of the sequences (u Assume that there exists a real number δ satisfying 0 < δ < 1 and
log log u log log log u , (1.1)
for any sufficiently large u, and set
Then, for an arbitrary positive real number ε, we have
for any sufficiently large integer j, where
log log u log log log u for every large integer u .
We gather in the next statement three immediate consequences of Theorem 1.3 applied with an appropriate function f . Corollary 1.4. Let b ≥ 2 be an integer. There exists an effectively computable positive integer n 0 , depending only on b, such that any integer n > n 0 which is not divisible by b satisfies the following three assertions. If n is log log n 2 log log log log n -smooth, then n has at least log log log n nonzero digits in its representation in base b. If n is log log n log log log n log log log log n -smooth, then n has at least 1 3 log log n log log log n log log log log n nonzero digits in its representation in base b. If n is 1 2 log log log n log log log log n log log log log log n -smooth, then n has at least log log n 2 log log log n nonzero digits in its representation in base b.
Let S be a finite, non-empty set of prime numbers. A rational integer is an integral S-unit if all its prime factors belong to S. We deduce from Theorem 1.2 lower bounds for the number of nonzero digits in the representation of integral S-units in an integer base. Corollary 1.5. Let b ≥ 2 be an integer. Let S = {q 1 < · · · < q s } be a set of s distinct prime numbers. Then, for any positive real number ε, there exists an effectively computable positive integer n 0 , depending only on b, S, and ε, such that any integral S-unit n ≥ n 0 which is not divisible by b has more than
log log n log log log n nonzero digits in its representation in base b.
Let a ≥ 2, b ≥ 2 be coprime integers. By taking for S the set of prime divisors of a, Corollary 1.5 implies Stewart's result mentioned in the introduction (for the case where a and b are multiplicatively independent and not coprime, the proof of Corollary 1.5 can be easily adapted) and both proofs are different. Observe, however, that Stewart obtained in [10] a more general result, namely that, for any multiplicatively independent positive integers b and b ′ and any sufficiently large integer n, the number of nonzero digits in the representation of n in base b plus the number of nonzero digits in the representation of n in base b ′ exceeds (log log n)/(2 log log log n). Our results are established in Section 3, by means of lower estimates for linear forms in logarithms gathered in Section 2. We postpone to Section 4 comments and remarks.
Lower estimates for linear forms in logarithms
The first assertion of Theorem 2.1 is an immediate consequence of a theorem of Matveev [9] . The second one is a slight simplification of the estimate given on page 190 of Yu's paper [12] . For a prime number p and a nonzero rational number z we denote by v p (z) the exponent of p in the decomposition of z in product of prime factors.
Theorem 2.1. Let n ≥ 2 be an integer. Let x 1 /y 1 , . . . , x n /y n be nonzero rational numbers. Let b 1 , . . . , b n be integers such that (x 1 /y 1 )
. . , A n be real numbers with
Set B = max{3, |b 1 |, . . . , |b n |}. Then, we have log
Let p be a prime number. Then, we have 
Proofs
Below, the constants c 1 , c 2 , . . . are effectively computable and depend at most on b and the constants C 1 , C 2 , . . . are absolute and effectively computable. Let N be a positive integer and k the number of nonzero digits in its representation in base b. We assume that b does not divide N , thus k ≥ 2 and we write
where
Let q 1 , . . . , q s denote distinct prime numbers written in increasing order such that there exist non-negative integers r 1 , . . . , r s with
Observe that
Lemma 3.1. Keep the above notation and set k * := max{k − 2, 1}. If
then we have
Proof. First we assume that n k ≥ 2n k−1 . This covers the case k = 2. Since
Sicne r j log q j ≤ (n k + 1) log b for j = 1, . . . , s, we deduce from (2.1) that
Combining (3.4) and (3.5), we obtain
log q i (log log q s ), which implies (3.3). Now, we assume that n k < 2n k−1 . In particular, we have k ≥ 3. If there exists an integer j with 1 ≤ j ≤ k − 3 and n 1+j ≥ n j/(k−2) k , then put
Otherwise, set ℓ := k − 2. We see that
Let p be the smallest prime divisor of b. Put
We get by (3.6), (3.1), and (3.2) that
We deduce from (2.2) and (3.6) that
By combining (3.7) and (3.8), we get
which implies (3.3) and completes the proof of Lemma 3.1.
Proof of Theorem 1.1.
We keep the above notation. In particular, N denotes an integer not divisible by b and with exactly k nonzero digits in its representation in base b. In view of [6] , we assume that k ≥ 3, thus k * = k − 2. Note that (3.2) holds if N is large enough. Then, we deduce from (3.1) and (3.3) that
log log q i + log log(k log q s ). (3.9)
In particular, denoting by p j the j-th prime number for j ≥ 1 and defining s by p s = P [N ], inequality (3.9) applied with q j = p j for j = 1, . . . , s shows that
Let ε be a positive real number. By the Prime Number Theorem, there exists an effectively computable integer s 0 (ε), depending only on ε, such that, if s ≥ s 0 (ε), then
For s < s 0 (ε/(2k − 4)), we derive from (3.10) an upper bound for N in terms of b, k and ε. For s ≥ s 0 (ε/(2k − 4)), it follows from (3.11) and the Prime Number Theorem that
provided that N is sufficiently large in terms of b, k and ε. This implies Theorem 1.1.
Proof of Theorem 1.2.
We assume that q 1 , . . . , q s are the prime divisors of N , thus in particular we have s = ω(N ). If (3.2) is not satisfied, then log log N ≤ c 7 k. Otherwise, by taking the logarithms of both sides of (3.3) and using (3.1), we get
This establishes Theorem 1.2.
Proof of Theorem 1.3. We argue as in the proof of Theorem 1.1. Let ε be a positive real number with ε < δ 0 /3. Suppose that j is sufficiently large and set N := u (f ) j . It follows from (1.1) that (3.2) holds if N is large enough. Then, (3.3) holds with an integer k at most equal to f (N ). By using (3.10), (3.11) and the Prime Number Theorem, we get
It then follows from the definition of the positive real number δ 0 that log log N < (1 − δ 0 + 3ε) log log
Therefore, we have proved (1.2).
Additional remarks
Remark 4.1. Arguing as Stewart did in [11] , we can derive a lower bound for Q[u ≥ 2 and a 1 , . . . , a k be positive integers with gcd(a 1 , . . . , a k ) ≥ 2. Let v = (v j ) j≥1 denote the increasing sequence composed of all the integers of the form a n 1 1 + · · · + a n k k + 1, with n 1 , . . . , n k ≥ 1. Then, for every positive ε, we have
− ε log log v j log log log v j log log log log v j , when j exceeds some effectively computable constant depending only on a 1 , . . . , a k , and ε. Theorem 1.1 of [6] asserts that, for every k ≥ 2 and every positive real number ε, we have
for every sufficiently large integer j. This implies that (and is a much stronger statement than) the greatest prime factor of u (k) j tends to infinity as j tends to infinity. The proof uses the Schmidt Subspace Theorem and it is here essential that k is fixed. Moreover, this is an ineffective result.
The main goal of [6] was to establish an effective improvement of the trivial estimate [u
1−δ , for a small positive real number δ and for j sufficiently large. A key tool was a stronger version of Theorem 2.1 in the special case where |b n | is small. Unfortunately, for k > 3, the method of the proof of Theorem 1.2 does not seem to combine well with this stronger version of Theorem 2.1 to get an analogous result. We are only able to establish that, for any fixed integer k ≥ 4 and any given positive real number ε, the upper bound holds for every sufficiently large integer j.
Remark 4.4. Instead of considering the number of nonzero digits in the representation of an integer in an integer base, we can focus on the number of blocks composed of the same digit in this representation, a quantity introduced by Blecksmith, Filaseta, and Nicol [4] ; see also [1, 7] . A straightforward adaptation of our proofs shows that analogous versions of Theorems 1.1 to 1.3 hold with 'number of nonzero digits' replaced by 'number of blocks'. We omit the details.
Remark 4.5. In the opposite direction of our results, it does not seem to be easy to confirm the existence of arbitrarily large integers with few digits in their representation in some integer base and only small prime divisors. A construction given in Theorem 6 of [5] and based on cyclotomic polynomials shows that there exist an absolute, positive real number c and arbitrarily large integers N of the form 2 n + 1 such that P [N ] ≤ N c/ log log log N .
